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ABSTRACT
The constitutive model of shotcrete under axial compression was established based on the mathematics and
damage theory.
The stress–strain relationship under axial compression was tested and statistically analyzed by using 34 NC
specimens and 31 SC specimens. The two types of concrete had the same water-binder ratios.
The probability distribution function that the peak strain of shotcrete and normal concrete followed was
investigated by using the K–S test function of MATLAB software and the chi-square test.
The parameter values of established constitutive shotcrete models were discussed.
The experimental results on the axial compression of 34 prism specimens of normal concrete (NC) and 31 prism
specimens of shotcrete (SC) were analyzed statistically. The relative parameters of the constitutive model and
the probability distribution function of damage variable were subsequently determined by using the Monte
Carlo stochastic simulation and K–S test methods. In addition, the characteristics curve of the stress–strain of
NC and SC with the same water–binder ratio was analyzed and the influence rule on peak stress and peak strain
of concrete specimens was discussed. The statistical constitutive SC model under axial compression
considering the influence of damage threshold and plastic strain was established by adding a damage threshold
parameter to the two traditional parameters of the Weibull’s distribution function. The range of damage
threshold and the influence mechanism of plastic strain on the constitutive model were also investigated. In this
study, the influence of randomness on SC was fully considered. Based on the comparison of experimental
results and simulation results, a stochastic statistical damage constitutive model was established and its
rationality and applicability were verified. It can provide a reliable basis for theoretical research and engineering
application of SC.
KEYWORDS: Shotcrete, Randomness, Probability distribution, Constitutive model, Damage
threshold.

INTRODUCTION

SC has a shorter initial setting time and better early
mechanical properties compared with NC (Wang et al.,
2015; Maltese et al., 2007). In recent years, SC has been
widely used in tunnel support, side slopes, underground
rooms and reinforcement of building structures because
of its advantages of convenient construction, low cost
and good structural performance (Li et al., 2013; Won et
al., 2013; Christopher et al., 2005; Huang and Wang,
2005). Therefore, this study can provide a theoretical
basis for the application of SC in engineering and the
systematic research on its basic mechanical properties

SC is a type of concrete wherein its mixture is
matched based on a certain proportion considering the
conveying pipeline and pressure action, thereby
spraying the mixture to the surface at a high speed and
an instantaneous compaction (Hemphill, 2013; Thomas,
2012). SC was developed from spray mortar, which has
the same characteristics as ordinary concrete. However,
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random damage constitutive model, which started from
the framework of traditional mechanical properties of
elasticity and plasticity and subsequently established the
damage evolution equation based on the random damage
model derived from PLM, to discuss the influence of
each parameter on the peak stress and peak strain of
concrete (Li, 2009). According to the damage theory and
thermodynamics theory, rocks made of quasi-brittle
materials, such as concrete, have random mechanical
properties and probability statistics has been applied to
the rock’s random mechanical properties (Wong et al.,
2006; Deng and Gu, 2011). However, studies have failed
to consider the randomness of crack propagation and no
constitutive SC model under axial compression to
breakage exists.

with the focus on the relationship between stress and
strain.
At present, considerable studies on the stress–strain
relationship have been applied to various types of
concrete, such as normal (Chen et al., 2018; Andrawes,
2014), fiber (Jiang and Jiang, 2017), reactive powder
(Hou et al., 2018) and recycled aggregate (Kazmi et al.,
2019; Belen et al., 2011) concrete. Research on the
stress–strain relationships of SC under different
environments have also been conducted (Wang et al.,
2019). However, concrete is a kind of heterogeneous
quasi-brittle material, the internal microstructure of
which is heterogeneous. When the concrete is damaged
continuously after the stress, the law of microcrack
initiation and propagation is uncertain and the
macroscopic mechanical properties of concrete have
significant random effects on these uncertainties. In
studying the mechanical properties of all types of
concrete, focus must be placed on establishing a
mechanical property model that considers the random
effects caused by these uncertainties.

On the basis of PLM, this study investigated the
damage constitutive model of NC and examined NC and
SC under axial compression while considering the
influence of damage threshold and plastic strain on the
stress–strain relationship to analyze the statistic rule of
macroscopic break strength. Randomness of the
breakage destroys the strength of each link in the PLM
model which was described by the statistical rule of
macroscopic breakage strength and the approximate
distribution function of the damage variable was
determined to establish the statistical damage of the
constitutive SC model.

In this stage, the probability statistics method is an
effective way to solve random problems. For concrete
materials, using this method can analyze the reliability
and dispersion of various mechanical properties and also
reflect randomness by using a reasonable probabilistic
distribution function’s indicator. This method has been
used in NC applications. In the late 1970s and early
1980s, the parallel link model (PLM) was proposed by
Krajcinovic based on the statistic strength theory, which
states that each link rod exhibits a different breakage
strength. Random breaks in the link rod were used to
simulate the irregularity of breakage in concrete
materials and the statistical damage of the constitutive
concrete model was established (Krajcinovic, 1979;
Krajcinovic and Fonseka, 1981; Krajcinovic and Silva,
1982). Based on the damage statistical theory, Bai et al.
established a statistical damage model of concrete under
uniaxial tension and compression, considering the
influence of strength grade. Li (2009) established a
statistical damage constitutive model of concrete under
complex stress state. Yip established the statistical
model of crack propagation in original concrete during
axial compression to ultimate destruction based on
Weibull’s statistical theory. On the basis of the energy
equivalent strain concept, Li established a type of

Establishment of the Damage Model of SC
The SC sample was composed of a number of
infinitesimal parts and the ultimate strength of each
infinitesimal part (such as break strain) was a random
variable. The following equation assumes that the
damage strain of each infinitesimal part is subjected to a
distribution function of F(x) and remains continuous in
the x-value space:

F '( x)  f ( x)

(1)

If a small disturbance  is applied to an
infinitesimal part and the overall strain of the test piece
becomes    , then the increased small disturbance
 shows the probability that the infinitesimal part has
reached its breakage point. This can be expressed as
F (   )  F ( ) . The average breakage strain
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density

function

can

F (   )  F ( )
.


then

be

expressed

The strain of SC materials consists of elastic and
plastic strains in this study. The Helmholtz free energy
potential can then be expressed as:

as:

Let   0 . The formula above is the probability
density function of break strain of the infinitesimal body
after obtaining the limit that can be defined as shown in
the following equation when the system compression
strain is  :

f ( )  lim
 0

F (   )  F ( )


( e , D,  p )  e ( e , D)   p ( p , D)

where D, εp and εe are the damage, plastic and elastic
variables, respectively and  is the state function of
Helmholtz.
Damage in concrete materials is an irreversible
process and the energy dissipation should be nonnegative, thereby meeting the Clausius–Duheim
inequality in the second law of thermodynamics. Hence,

(2)

Eq. (2) reflected the rate of change in the neighborhood
range (    ,   0 ) when the overall strain of the
specimen is  .
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The damage variable measures the degree of damage
in materials. The degree of damage is related to the
number of destroyed infinitesimal bodies. The increased
damage on infinitesimal bodies at the microlevel
increases the damage at the macrolevel. Hence, a certain
mapping relationship exists between the break strain 
of the infinitesimal body and the damage variable D.
This relationship can be expressed as:

g ( ) 

dD
d

(7)
where σ is the stress.
Owing to the arbitrariness of εe, the formula can be
written as:

(3)

 

Eq. (3) reflects the rate of change in the damage variable
and g(ε) and f(ε) have the same functional properties and
geometric meaning. Hence,

dD
 g ( )  f ( )
d

(6)

 e ( e , D )
 e

(8)

The constitutive equation for SC damage is obtained
by substituting Eqs. (5) and (6) into Eq. (8) and is
expressed as:

  E0 (   p )(1  D( ))

(4)

(9)

where E0 is the initial elastic modulus.
Eq. (4) is integrated to obtain the damage variable D in
the following equation:

D( )  



0


dD
  f ( )d  F ( )
0
d

MATERIALS AND EXPERIMENT

(5)

Materials

where f(x) is the probability density function of the break
strain of infinitesimal parts and F(x) is the probable
distribution function.

Table 1 lists the types, sizes, physical properties and
chemical compositions of the materials used in NC and
SC.
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Table 1. Materials for the test
Material
Cement

Fly ash
Stone
Sand
Water
Admixture
Accelerator

Information
P.O. 42.5; fineness: 3.4%; specific area: 337m2/kg; setting time: 65min (Initial)/ 5h (finally); flexural
strength:4.3MPa (3days) and 7.9MPa (28days); compressive strength: 24MPa (3days) and 43.5MPa
(28days); loss on ignition: 2.7%
SiO2=26.31%, Al2O3=9.9%; Fe2O3=3.31%; CaO=45.35%; MgO=1.8%; SO3=1.94; K2O=1.36%
Class (II); density: 2.09 g/cm3; Blaine fineness: 404 m2/kg; and fineness: 15.2%
Type: gravel; gradation: 5-10mm; apparent and bulk density: 2810 kg/m3 and 1425 kg/m3; mud
content: 0.2%; absorption rate: 2.9%; crushing index: 6%; acicular content: none
Type: medium sand; fineness modulus: 2.6; apparent and bulk density: 2610 kg/m3 and 1520 kg/m3;
and mud content: 1%
Tap water
Liquid, water reduction: 2%; density: 1.1 g/cm3; pH:7.0-8.0.
Powder, SiO2 = 14.7%, Al2O3 = 18.8%, Fe2O3 = 4.2%, CaO = 32.7%, MgO = 0.6%, SO3 = 0.3%,
TiO2 = 1.5%, P2O5 = 0.3%, Na2O = 9.3% and K2O = 1.7%
NC and SC Preparation
NC
First, the weighted materials of gravel and sand were
placed into a blender and stirred until being evenly
mixed. At this time, the weighted cement and fly ash
were poured into the mixture and stirred until it became
smooth. The water reducer was then added to the
weighted water and fully rocked. The mixture was
stirred for 2–3 min after the liquid mixture was added to
the blender. Second, the concrete mixture from the
blender was poured onto a damp iron sheet and the fresh
concrete was then poured into plastic molds with
dimensions of 100 mm × 100 mm × 300 mm. These
plastic molds filled with fresh concrete were placed on a
vibration table. The vibrating time was controlled
between 30 and 60 s to avoid excessive vibration and
stratification of concrete. Finally, the concrete was
removed from the plastic mold after 24 h and placed into
a curing room with a temperature range of 18°C to 22°C
and 98% relative humidity for 27 days until testing.
Fig.1 shows the equipment used in the preparation of
NC.

Concrete Mixture
Two mixtures (NC and SC) were designed with the
same water–binder ratio (w/b) of 0.43. A water reducer
with a mixing amount of 2% (in the mass of
cementitious materials) was used in concrete mixture.
The powder accelerator was used in SC mixtures with a
mixing amount of 4%. Table 2 lists the NC and SC
mixtures in detail.
Table 2. NC and SC mixtures (kg/m3)
Specimen

NC

SC

w/b
Cement
Fly ash
Stone
Sand
Accelerator
Water
Water reducer
28d compression/MPa

0.43
300
95
1190
670
700
170
3.7
37.9

0.43
411
46
892
892
700
197
4.6
28.5

StepI

StepII

Water

Blender

Water
reduce

Fly ash

Cement

Sand

Gravel

Stir well Stir well

StepIII

2-3min

Vibration table
Mould

Loaded in
Fresh concrete

Mould

Figure (1): Preparation process of NC
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relative humidity for 7 days. Checking was carried out
to find whether the surface of the concrete slab was
cracked and leaking and whether the thickness was up to
the standard (Li et al., 2012). The qualified SC slabs
were then cut into standard prism specimens with
dimensions of 100 mm × 100 mm × 300 mm by using
an automatic cutting machine. The cut prism specimens
were then placed in the curing room for an additional
curing period of 21 days until testing. Fig. 2 shows the
preparation process of SC.

SC
First, cement, fly ash, sand and gravel were
combined well by using a blender. The mixture was
sprayed onto wood formworks (with dimensions of 1000
mm × 500 mm × 150 mm) under pressure through a pipe
by using the dry method. The slab molds were oriented
at an angle of 75° from the ground and the nozzle was
oriented at an angle of 90° relative to the bottom plate of
the slab molds. After 24 h, the concrete slab was
removed from the mold and placed into a curing room
with a temperature range of 18 °C to 22 °C and 98%

Fly ash

Cement

Gravel

Sand

shotcrete slab

Stir well

Blender

dry-mixture

shotcrete
equipment

wall

pipe
nozzle

wood mould

Figure (2): Preparation process of SC

opposite sides of the specimen was averaged to obtain
the final value of the concrete specimen’s axial strain
under axial compression.
To ensure that the specimen was under axial
compression throughout the entire test process, a plastic
foam sheet was placed on the loading surface. The
specimen was preloaded at 5 kN with a displacement
loading rate of 0.5 mm/min prior to testing to ensure that
the displacement sensor variation of the opposite sides
of the specimen remains the same. Axial stress was then
applied to the specimen at the start of the test and the
loading rate was controlled at 0.5 mm/min before the
load value reached 60% to 70% of the estimated peak
value. After exceeding 70% of the estimated peak value,
the loading rate was controlled at 0.02 mm/min until the
specimen was completely destroyed or the stress curve
was stabilized. Fig. 3 illustrates the process of stress–
strain curve testing.

Testing Method
The stress–strain curves of SC and NC specimens
under axial compression were tested by using the servohydraulic testing machine (precision of 0.001 kN,
maximum loading range of 600 kN and minimum
loading rate of 0.01 mm/min). The axial strain of SC and
NC specimens was tested by using four displacement
sensors (TDS-62). The deformation and stress signals
were collected with a data acquisition instrument. The
size of specimens for this test had dimensions of 100 mm
× 100 mm × 300 mm.
In this test, the testing distance of axial strain of
specimens was 200 mm and the distance between the
axial strain testing area and the upper and lower ends of
the specimens was 50 mm. Linear variable displacement
transducers (LVDTs) with the same accuracy were
arranged at the center of the four sides of the specimen
(ref. Fig. 3). The test data of the axial strain from
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Loading
stress collect
instrument

Specimen

TDS-602

200mm

distance area

300mm

WAW-600

displacement
sensorsYHD-10
cushion
(styrofoam)
Figure (3): Schematic of the stress–strain test

of all the stress–strain curves. Fig. 4(b) shows the
relationship between the curves of the maximum peak
strain, maximum peak stress, minimum peak strain,
minimum peak stress and the envelope. The mean curve
was located in the middle region of the envelope curve
that reflected the statistical characteristics of the stress–
strain of the 31 SC specimens. Hence, the mean curve in
this study reflected the mechanical properties of the SC
sample under axial compression.

Test Results and Analysis
Fig. 4(a) shows the stress–strain curves of the 31 SC
specimens under axial compression and the envelopes of
all of the stress–strain curves were plotted. The
ascending and descending sections of the stress–strain
curves were equally divided into the same n parts. The
stress and strain values of equidistant points and peak
stress and strain were averaged to obtain the mean curve

(a)

(b)

Figure (4): Tested stress–strain curves of SC
Fig. 5 shows the test results of the peak stress and
peak strain of SC and NC specimens under axial

compression. The peak stress of NC ranged from 37.5
MPa to 52.5 MPa, whereas that of SC ranged from 17.5
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Table 3 lists the statistical characteristics of the peak
stress and peak strain of NC and SC under axial
compression. The mean value, standard deviation and
variation coefficient were calculated by using the
following formulae:

MPa to 47.5 MPa. The peak stress of NC was generally
larger than that of SC. The peak strain of SC ranged from
0.2-0.8 on the abscissa, whereas that of NC ranged from
1.4–2.2. In addition, the distribution area of the peak
points of the two groups of concrete specimens shows
that the discrete type of the peak point of SC test
specimens was significantly larger than that of NC
specimens. This result also revealed that under the same
conditions of the water–binder ratio, the mechanical
properties of SC were poor and dispersion was good.
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(12)

where  p and  p are the peak stress mean and peak
strain mean, respectively;  p and   p are the standard
deviations (SDs) of peak stress and peak strain,
respectively;   p and  p are the coefficients of
variations of peak stress and peak strain, respectively.

Figure (5): Scatter diagram of peak stress and
peak strain

Table 3. The statistical results of peak stress and peak strain
Parameter
Category
Group
Sample numbers
Maximum (MPa)
Minimum ( MPa)
Mean (MPa)
SD (×10-3)
CV%

Peak stress
NC

SC

Parameter category
Group

34
51.87
37.29
45.91
3.40
7.3%

31
47.37
16.66
27.84
5.69
21.4%

Sample numbers
Maximum (×10-3)
Minimum (×10-3)
Mean (×10-3)
SD (×10-3)
CV%

Table 3 shows that the average peak strain of SC is
smaller than that of NC, but the dispersion of SC is also
significantly larger than that of NC. These results
showed that the crystal form of the formed hydration
product was larger, because the hydration speed of SC
was faster, thereby resulting in increased porosity and
decreased macroscopic performance of mechanical
properties. The first shot of concrete was denser than the
post-spray due to the impact and extrusion during the

Peak strain
NC

SC

34
2.23
1.31
1.90
0.22
12%

31
2.30
0.79
1.42
0.34
23.2%

high-speed jetting process, resulting in a very uniform
material heterogeneity within the SC and the
macroscopic performance showed greater dispersion in
mechanical properties.
Damage Variables
The damage variable of the constitutive SC model in
this study was the breakage strain (limiting strain) of the
microbody. The breakage strain of the microbody was
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histogram presents that the statistical distribution of the
peak strain of the two concrete groups exhibited an
asymmetrical and skewed distribution shape, thereby
indicating the characteristics of normal, lognormal and
Weibull distributions. However, the specific distribution
type cannot be determined. The hypothesis test method
must be used for further statistical analysis of the data.
In this study, the K–S test function of MATLAB
software was used to test and analyze the peak strain of
concrete in the two groups. When the return p-value was
greater than the significance level α, the original
hypothesis was accepted. Otherwise, the hypothesis was
rejected. Table 4 lists the test results.

the same as that of SC, because the microbody had all
the properties of SC. Damage breakage can be
considered when the SC material reached the breakage
strain. The peak strain corresponding to the peak point
is usually obtained from the stress–strain test and the
breakage strain cannot be directly measured from the
test, as both have the same statistical characteristics. The
statistical properties of the peak strain can be used to
describe the statistical characteristics of the breakage
strain.
Fig. 6 shows the peak strain histogram of both
concrete groups. The histogram abscissa and ordinate
were the peak strain and frequency, respectively. The

(a) NC

(b) SC
Figure (6): Peak strain histogram

Table 4. The K-S inspection results of peak strain of NC and SC
Parameter
p
ksstat
cv
H

Normal
distribution
0.7455
0.1138
0.2275
0

NC
Lognormal
distribution
0.5003
0.1386
0.2275
0

Weibull
distribution
0.6256
0.1258
0.2257
0

Fig. 6 shows that the H values of the three
distribution forms are all zero at the significance level of
α = 0.05 and the statistic is less than the critical value
cv, thereby indicating that the ordinary hypothesis can
be accepted and considered as the peak strain of NC and
SC that simultaneously follows the characteristics of
normal, lognormal and Weibull distributions. However,

Normal
distribution
0.9029
0.0996
0.2379
0

SC
Lognormal
distribution
0.6451
0.1295
0.2379
0

Weibull
distribution
0.8124
0.1115
0.2379
0

the p-value demonstrates that differences exist in the
description effects of the three statistical distributions in
the statistical characteristics of the peak strain. For the
distribution characteristics of the peak strain of NC, the
normal distribution function exhibited the best fitting
effect; the Weibull distribution function was second and
the lognormal distribution function showed the worst
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statistically. On the basis of the objective description of
the actual distribution, a random calculation model of
the two sets of concrete peak strain was established and
the distribution characteristics of the peak strain were
finally determined. The test results in Table 4 show that
the probability distribution function φ(x) of the two sets
of concrete generated the random number Xi based on
the probability distribution φ(x), which was the peak
strain Xi, thereby realizing the Monte Carlo stochastic
simulation process of statistical parameters.
The mathematical analysis software MATLAB was
used in programming and calculating the random
generation of peak strain in 500 NC and SC test pieces
in this study. The random simulation results based on the
normal, lognormal and Weibull distributions were
compared with the results of the peak strain test that
were represented by the εpc–F(X) curve. Fig. 7 shows the
simulation results.

effect. The differences between the three were more
apparent. For the distribution characteristics of the peak
strain of SC, the normal distribution function obtained
the best effect, followed by the Weibull and lognormal
distribution functions. However, the fitting effect of the
Weibull and normal distribution functions was almost
similar.
The accurate calculation of the statistical law of the
peak strain of concrete materials requires a large amount
of data for support that is often difficult to achieve due
to the limitation of test conditions and the lack of test
data. However, by using the Monte Carlo random
number, the test results and peak strain can be simulated
and randomly generated, respectively. This process
provides a new method of demonstrating the probability
distribution of random quantities. The Monte Carlo
method was used in this study to analyze the probability
distribution characteristics of the experimental data

(a) NC

(b) SC

Figure (7): Monte Carlo simulation results of the peak strain
were large with an increased possibility of obtaining a
small peak strain. The stochastic calculation model
established by the Weibull distribution had the best
prediction effect and had better applicability than the
two other statistical distributions. Therefore, this study
used the Weibull distribution function to describe the
statistical characteristics of the fracture strain (peak
strain) of SC.
To ensure the applicability of the Weibull
distribution, chi-square inspection was used to further

Fig. 7 shows that the curves randomly simulated
based on the normal, lognormal and Weibull
distributions all reflected the test curve well. However,
the three distributions still exhibited different
descriptions of the statistical characteristics of the peak
strain. Based on the data curve simulated by the Weibull
distribution, the lower limit of the interval was the
smallest, the value appeared easily and the curve was
relatively flat. These features indicate that the peak
strain of the description and the coefficient of variation
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(14)

(1) Hypothesis H0, the peak strain of the three sets of
tests follows the Weibull distribution.
(2) Calculate the actual measurement frequency mi
according to the test.
(3) Calculate the theoretical frequency pi and theoretical
frequency Npi .
(4) Calculate χ2.
(5) Refer to the table to obtain χ2α(k – r − 1) and make a
statistical judgment. If χ2 is less than χ2α(k – r − 1),
then accept the hypothesis. Otherwise, reject the
hypothesis.
According to the inspection procedure, different
experimental results were tested and calculated. Table 6
shows the test results.

(15)

Table 6. χ2 inspection results of the Weibull
distribution function

test the peak strain’s statistical characteristics in the two
concrete groups. The peak strain of the two specimens
was assumed to be subjected to the three-parameter
Weibull distribution with a significance level of α =
0.05. The three-parameter Weibull distribution function
can be expressed as follows:

     m 
F ( , m, ,  )  1  exp   
 .
    

(13)

The mean and variance were defined as follows:

   (1 

1
)
m

2
1 

 2   2 (1  )  2 (1  )  ,
m
m 


where η is the shape parameter that is expressed as
 -

1 ; γ is the threshold parameter that can be
(1  )
m
2
expressed as   b  b  4ac ; a, b and c can is
2a

the gamma function.
The estimated values of the three parameters γ, m and
η were determined based on the second order-moment
method in combination with the experimental data listed
in Table 5.

SC

γ

0.00073

0.00035

m

6.8587

1.2463

η

0.00108

0.00104

χ2α(k – r −
1)

Inspection
results

NC

0.000414

12.6

Accept

SC

0.000417

9.49

Accept

 E0

     m 
 



(
)
exp
E
 
 
p
 0
    


Table 5. The parameter estimation of
Weibull distribution function
NC

χ2

Table 6 shows that the peak strains of the two sets
of specimens are subjected to the three-parameter
Weibull distribution and Eq. (13) was substituted into
Eq. (9) to obtain the statistical damage constitutive
model of the concrete that is expressed as:

obtained by using the median rank formula; and Γ(g) is

Parameter

Group

(   )

(16)
(   )

where γ is the damage threshold. Before obtaining the
damage threshold, the test sample was in the elastic
stage (no damage).
Statistical Damage Constitutive Model of SC
Parameter Calculation
On the basis of the characteristics of the axial
compression σ–ε curve, the two boundary conditions can
be obtained when:

The specific inspection steps are as follows:

(1) ε = εc (peak strain), d   0 ;
d
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where     and δ is the material coefficient that
p
1 
can be determined experimentally.

(2) σ = σc (peak stress), ε=εc.
From Eq. (16), substituting the two boundary
conditions into the derivation result leads to obtain the
following expressions:
1

(1   'p
)( c   )  E0 ( c   p
)
  c
  c
m 
ln




c
 c   p  

c



,
( c   )

1
 
m
'
 (1   p
)( c   ) 

  c



 m( c   p
) 

 c




Value of γ
The parameters m and η of the constitutive model can
be determined by using Eq. (17). The two parameters
exhibited a clear physical meaning, whereas the damage
threshold γ was often judged by experience. The fitting
of stress–strain curves with experimental curves for
different values of γ was analyzed and compared in this
study and the effect of γ on the constitutive model of NC
and SC was also discussed. Fig. 8 shows the specific
results.

(17)

(a) NC

(b) SC

Figure (8): Stress–strain curves of different damage thresholds

Fig. 8(a) shows that the degree of fitting in the test
curve was optimal when the damage threshold γ was 0.7
times the peak strain for NC. Fig. 8(b) shows that the
fitting of the test curves had the best degree of fitting for
SC and the falling segment can better reflect the best
curve when the γ-value range was 0.6–0.7. At the same
time, these figures show that the peak stress slightly
increased as the damage threshold γ gradually increased,
the curve of the falling section became gradual, the
ductility of the material increased and the residual
strength also gradually increased. The damage threshold
could reflect the residual strength of SC to some extent.
In addition, the damage threshold of SC was smaller

than that of NC and the overall mechanical properties of
SC were weaker than those of NC. Under the same
working conditions, it was more vulnerable to damage.
Statistical Damage Constitutive Model of SC
By substituting the test data into Eq. (17), the
parameters m and η can be obtained. The statistical
analysis of m, η and γ assumed that all three followed
the normal distribution. The chi-square test was
performed on the assumed profile distribution and the
result could be accepted. Table 7 lists the statistical
analysis results of the three parameters.
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Table 7. The statistical analysis results of m, η and γ
Parameter

m
η
γ

μ
1.5174
0.00159
0.00157

NC
σ
0.6747
0.00025
0.3114

δ
0.4456
0.1572
0.20

According to the analysis results in Table 7, the
statistical damage constitutive model of SC can be
obtained as follows:

μ
0.7045
0.00137
0.00105

SC
σ
0.58
0.00122
0.00055

δ
0.82
0.89
0.52

Model Validation
To verify the model, the envelope curve of the axial
compressive stress–strain test curve of 31 SC specimens
was compared with that of the model (mean and mean
plus or minus the standard deviation). Fig. 9 shows that
the envelope curve and the model were twice as large as
the standard deviation of the model. The statistical
damage constitutive model of SC reflected not only the
mean constitutive relation, but also determined the
discrete range of the stress–strain curve of SC
quantitatively. The discrete range was also important in
the structural nonlinear random damage evolution
analysis. In addition, explaining the essential causes of
the discrete range in the concrete test is possible,
because the discrete range of the model was obtained.

 E0
(   )

 SC ( m )


,
 
    SC ( ) 

 E0 (   p ) exp     ( ) 
 
 (   )
SC



(18)
where μsc(m) ,μsc(η) and μsc(γ) are the mean values of
the three parameters.

Figure (9): Comparison of test results and theoretical model

distribution of microbodies of SC specimens. When
γ = 0.65 and m = 0.9, Fig. 10 shows the influence of
parameter η on the stress–strain curve. Fig. 10 (b) shows
that the peak stress of SC increased with the increase in
η. Hence, η reflected the average strength of SC at the
macroscopic level and displayed a minimal effect on the
softening modulus of the descending section of the
curve.

Physical Meaning of m and η
When γ = 0.65 and η = 0.002, Fig. 10 (a) shows the
influence of parameter m on the stress–strain curve. This
figure shows that the peak stress and peak strain of SC
increased with the increase of m and the descending
section of the curve became steeper, thereby indicating
the increased brittleness of the material. Therefore, the
parameter m reflected the concentration of the intensity
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(a) m

(b) η

Figure (10): Influence of parameters m and η on the σ–ε curve

that the influence law of damage threshold (γ) in the
damage evolution was analyzed without considering the
damage threshold. Meanwhile, Fig. 13 shows the stress–
strain curve of the two types of concrete and Fig. 14
shows that the relationship between damage and strain
was established for SC and NC to obtain the influence
mechanism of different construction technologies on
damage evolution.

Example Analysis
The test data was applied to the different models (the
model of this study, the model without damage threshold
and the model without plastic strain) to obtain the stress–
strain curve. Fig. 11 shows that these curves were
compared with the test curve. The relationship between
damage and strain was established in the model with
0.65 times the peak strain. Furthermore, Fig. 12 shows

Figure (11): Comparison of different theoretical curves
and the testing curve
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Figure (13): Stress–strain curves of NC and SC

Fig. 11 shows that the ascending section of curve 2
has approximately the same slope as the test curve, but
its descending section shows a significant drop
phenomenon compared with the test curve, because the
established model failed to consider the damage
threshold. It could not fully reflect the characteristics of
concrete at different deformation stages, nor could it
reflect the elastic deformation characteristics of concrete
at low stress level (Dong et al., 1996). Hence, the
damage occurred immediately when the specimen was
loaded and the damage evolved rapidly. After the peak
point, the stress drop phenomenon was more significant
than that of the test curve, because significant damage
existed inside the specimen (as shown in Fig. 12). The
slope of the upward section of curve 3 was generally
similar to that of the test curve, but the difference
between the slope of the upward section of curve 3 and
the test curve gradually increased in the region near the
peak point. This is consistent with Comi-Perego (Comi
and Perego, 2001) damage model. The specimen’s peak
stress was significantly larger than that of the test curve,
because the model of curve 3 was established without
considering plastic strain. However, the deformation of
the specimen under load was composed of the actual
elastic and plastic strains.
Fig. 12 shows that in the initial stage of loading, the
D–ε curve (considering damage threshold) coincided
with the abscissa axis and the slope of the curve
gradually decreased after the peak point until it reached
zero. This phenomenon demonstrated that the damage
evolution equation of this study could accurately reflect
the characteristics of damage evolution and deformation

Figure (14): D–ε curves of NC and SC

of SC under axial compression, especially the damage
evolution process of the small deformation stage in the
early loading that was accurately described by the
established model. Therefore, the characteristic that
early deformation of SC under loading was in the stage
of elastic deformation was revealed.
Fig. 13 demonstrates that the mechanical properties
of SC are worse than those of NC with the same water–
binder ratio. However, the slope and the development
trend of the descending section of the stress–strain of SC
was similar to those of NC, thereby indicating that the
ductility of SC was not degenerated compared with that
of NC. This characteristic was also exhibited in Fig. 14,
wherein the rule of damage evolution and the rate of
damage development of SC were similar to those of NC
during the entire loading process, except for the size in
the linear elastic stage, indicating that the damage in SC
occurred earlier than that in NC. Thus, the deformation
of SC rapidly entered in the plastic stage and produced
the plastic strain.
CONCLUSIONS

In this study, the stress–strain curves of NC and SC
under axial compression were analyzed by using the
probabilistic method. Moreover, the probability
distribution function of damage variable and the
equation for damage evolution were established.
Accordingly, the statistical damage constitutive model
of SC was established and its applicability was verified.
The conclusions of this study are as follows:
(1) Both the peak strains of SC and NC followed the
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normal, lognormal and Weibull distributions.
However, the Weibull distribution obtained the best
applicability.
(2) The statistical mean of peak strain and peak stress
of SC was less than that of NC. The standard
deviation and variation of SC were greater than
those of NC. Furthermore, the mechanical
properties of SC were weaker than those of NC with
the same water–binder ratio, but the toughness of
SC was similar to that of NC.
(3) The reasonable value of damage threshold was 0.65
times the peak strain of SC, whereas that of NC was
0.7 times the peak strain. Hence, the damage
occurred earlier for SC than that of NC with the
same loading state.
(4) The rule of damage evolution in SC was similar to
that in NC during the entire loading process, except
that the elastic stage in SC was smaller than that in
NC. The characteristic of damage evolution in the
small deformation stage was correctly described by
the damage evolution equation with consideration
for the damage threshold after loading. The stress–
strain curve of SC under axial compression could be
calculated by using the established constitutive

model of SC as the plastic strain was considered.
(5) The stress–strain test curve of SC was described
correctly by using the established statistic damage
constitutive model of SC, thereby explaining that
the probabilistic statistics theory can be used to
solve the random problem of SC materials during
the entire damage evolution process.
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