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ABSTRACT
Variation of shear stresses  xy on failure behavior of different composite materials was investigated for two
types of composites; Boron-Epoxy Narmco 5505 and Carbon-Epoxy AS4 (3501-6). The effect of material
nonlinearity on failure behavior of unidirectional fibrous composite laminates was considered for several
fiber-orientation angles; ϴ=15, 30, 45, 60 and 75 degrees. An energy-based nonlinear material model was
adopted to predict the mechanical properties of a unidirectional composite lamina. A compatible failure
criterion for nonlinear composite materials was utilized which incorporates the material model into the failure
criterion. The resulting failure envelopes were compared for all the cases.
KEYWORDS: Shear stress, Failure envelope, Composite material, Nonlinear behavior, Fiberorientation.

strains ( x ,  y ) .
In macro-mechanics, the composite material is
presumed homogeneous and the material mechanical
properties are dealt with as averaged apparent
properties. The macro-mechanical properties of a
composite material lamina of orthotropic construction
are specified as: E1, E2, G12 and 12 in the principal
material directions 1 and 2. These material properties
are also known as the engineering material constants
that have a physical and more direct meaning than
stiffness and compliance coefficients. Such constants
can be measured directly in uniaxial tension,
compression or pure shear tests.
The lamina mechanical properties can be
determined experimentally or using micro-mechanical
approaches (Jones, 1975) which utilize the mechanical
properties of composite material constituents (fibers
and matrix). There are two basic approaches to micromechanics of composite materials: mechanics of
materials and elasticity.

INTRODUCTION
A fibrous composite material is composed of long
fibers embedded in a matrix material to form what is
known a lamina or a ply. The fibers are presumed to be
strong and stiff while the matrix has low strength, low
stiffness and low weight. A composite material is
designed to attain certain main advantages, such as:
high strength/weight, high stiffness/weight, corrosion
resistance,… etc.
In two-dimensional plane stress state, unidirectional
fibrous composite materials behave as generally
orthotropic materials, where the in-plane principal
material axes may not coincide with the laminate
geometric axes, hence allowing the lamina in-plane
normal stresses ( x ,  y ) and shear stress (  xy ) to be
coupled in what is known as coupling behavior. This
means that normal stresses ( x ,  y ) will cause shear
strain ( xy ) and shear stress (  xy ) will cause normal
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Considerable work has been carried out on micromechanical approaches (Jones, 1975; Hashin and
Rozen, 1964; Willis, 1977; Hashin, 1979; Hashin,
1983; Sun and Vaidya, 1994). A major objective of
such work is to determine the elastic moduli
(stiffnesses or compliances) of the composite material
in terms of its constituent materials; fibers and matrix.
An additional objective is to estimate the strength of a
composite material in terms of strength of its
constituents. Several material models have been
proposed to model the nonlinear behavior of composite
materials (Frost, 1990; Gibson, 1994) which treats the
composite material on a macroscopic scale.
Several failure criteria were implemented in the
literature using different approaches:
a) Mechanics approach (stress or strain);
b) Energy-based criteria;
c) Fracture mechanics approach;
d) Plasticity approach;
e) Damage mechanics approach.
A comprehensive description of such approaches
can be found in (Donadon et al., 2009). In their work,
Donadon et al. (2009) and Donadon et al. (2008)
presented an interactive failure criterion which
incorporates the strain rate effect in in-plane shear
behavior and utilizes damage evolution laws for better
prediction of damage initiation and progress under
multi-axial stress states.
In the present research work, an energy-based
nonlinear material model (Abu-Farsakh, 1989) is
adopted to predict the mechanical properties of a
unidirectional composite lamina. A related failure
criterion for nonlinear composite materials was
developed in (Donadon et al., 2008). In order to
account for the nonlinear effect of the material, the
material model is incorporated in the failure criterion.
OBJECTIVES AND SCOPE
The main objective of the present research is aimed
to obtain the effect of material nonlinearity on the
failure behavior of unidirectional fibrous composite
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laminates. Variation of shear stresses  xy on the failure
behavior of different composite materials will be
considered accounting for linear and nonlinear material
effects. The resulting failure envelopes will be
compared for all the cases.
MODEL FORMULATION
The basic formulation (Donadon et al., 2008) of the
failure model is dependent on an energy-based concept
such that:
U1
U2
U 12


1
U 1 max
U 2 max
U 12 max

…. (1)

where,
U 1 , U 1 max : Strain energy density and its corresponding

maximum value in the fiber-direction.
U 2 ,U 2 max : Strain energy density

and

its

corresponding maximum value in the transverse
direction.
U 12 ,U 12 max : In-plane shear strain energy density and
its corresponding maximum value.
The energy terms are determined assuming an
equivalent linear elastic system. For more details on the
nonlinear material model, consult (Donadon et al.,
2009). The secant mechanical properties are used in the
modeling process. See Fig. 1 for terminology.
The nonlinear mechanical properties are expressed
as:
C
M i  M o 1  Bi U p i  Di U p
…. (2)



 

 

where,
Mi, Mo: Secant and tangential mechanical property.
Bi, Ci, Di: Material property constants for
mechanical property i.
Three mechanical properties are expressed using
Eq. 2; E1, E2 and G12. The initial values of mechanical
properties and the corresponding material constants are
as indicated in Tables 1 to 3. The plastic strain energy
term U p is normalized as:
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Figure 1: Typical non-linear stress-strain curve for the ࢚ࢎ mechanical property
showing the strain energy density terms
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The plastic strain energy density U p is obtained
(as shown in Fig. 1) as:

…. (3)

U p  Us Ue .

For in-plane stress case, the total secant strain
energy density U s  may be expressed in terms of
laminate geometric axes x & y as:
Us 



1
 x  x   y  y   xy  xy
2



The term U o  is used to normalize the plastic
strain energy density, and it is usually taken equal to
unity (i.e., 1 MPa).

…. (4)

MODEL VALIDATION

Or alternatively, it can be expressed in terms of
principal material directions (1 & 2) as:
Us 



1   1
 2  12
2  E1
E2
G12
2

2

2


.



In order to validate the present approach, two
fibrous composite materials were considered: Boronepoxy Narmco 5505 and Carbon-epoxy AS4 (3501-6).
The basic material properties are taken from (Soden et
al., 1998; Soden et al., 2002; Cole and Pipes, 1973) as
indicated in Tables 1 and 2. Applications were carried
out using off-axis coupon specimens loaded in the
uniaxial x-direction. The in-plane principal material
directions are the longitudinal fiber 1-direction and
transverse to fiber 2-direction. The fiber orientation ϴ-

…. (5)

where, E1, E2 and G12 are the secant moduli at each
stress level.
Similarly, the initial elastic moduli Eo1, Eo2 and Go12
can be used to obtain the elastic strain energy density,
such that:
Ue 



1   1
 2  12
2  E 01 E o 2 Go12
2

2

2


.



…. (7)

…. (6)
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angle is the angle between the x-axis and the
longitudinal fiber 1-direction. For each composite

material, several
considered.

fiber-orientation

angles

were

Table 1. Material mechanical properties of Boron-Epoxy Narmco 5505
(basic data extracted from (Cole and Pipes, 1973))
MATERIAL
PROPERTIES

MATERIAL CONSTANTS
E o (MPa)

Bi

Ci

Di

LSE

SP

E1 ( MPa)

2.0752 X105

0

1

0

-

-

E 2 ( MPa )

1.9787x104

0.329364

-7.64104

0.000145

2,4,5

G12 ( MPa )

5.5155x103

0.405749

0.217495

0.000311

2,5,7

0.213789
0.924308

 1 max ( MPa)

1341

 1 max

6.525x10-3

 2 max ( MPa)

53.776

 2 max

3.18x10-3

 12 max ( MPa)

64.118

 12 max

31.6x10-3

 12

0225

Two sets of results were obtained. The first set
includes a comparison between the predicted nonlinear
stress-strain curve using the nonlinear material model
(Eq. 2) and the predicted failure model (Eq. 2) which is
represented as a single failure point. The second set
includes a comparison between several in-plane shear
stresses (xy) showing the effect of varying the shear
stress values from zero to a maximum value at failure.
For each set of failure envelopes, the in-plane stresses
x and y are kept constant while changing the values
of shear stress xy.
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Non-linear Stress-Strain Model
1.

Boron-Epoxy Narmco 5505
The basic stress-strain relations in the principal
material directions are obtained from (Cole and Pipes,
1973). The material property constants which appear in
Eq. 2 are obtained using a special computer program
(MCOMP) coded using Window-based Visual Basic
computer language. Boron-epoxy composite material is
linear in the fiber direction-1 (Fig. 2) but slightly
nonlinear transverse to fiber direction 2 (Fig.3). The
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considered sampling points for 2-2 relationship are 2,
4 and 5 which correspond to minimum least- squarefitting (LSE) of 0.000145. On the other hand, shearstress shear-strain (  12 ,  12 ) behavior (Fig. 4) is
highly nonlinear with optimum sampling points 2, 5
and 7 (LSE=0.000311). The obtained material
constants Bi, Ci and Di are as indicated in Table 1 for
each nonlinear property. Maximum stress and strain
values in the principal material directions are also as
indicated in Table 1.
Several uniaxial off-axis coupon specimens were
considered using different fiber-orientation angles;

ϴ=15, 30, 45, 60 and 75. Predicted stress-strain
curves are shown in Figs. 5 to 9 according to material
model Eq.2 along with predictions from the failure
model (Eq. 1). As indicated in Table 2, a maximum
absolute difference of 6% in the stress-x between the
two models is obtained at ϴ=15, whilst the maximum
absolute difference of 8.9% in strain-x corresponds to
ϴ=45. The reason behind this is the high nonlinear
behavior in shear response which is greatly affected by
the adopted shear test or method of prediction of shear
response (Cole and Pipes, 1973).

Table 2. Stress-strain results for Boron-Epoxy Narmco 5505
Orientation
Angle (ϴ)

Predicted
Model

Failure
Model

15

x (MPa)
235.93

x (x103)
7.875

x (MPa)
250.9

x (x103)
8.259

30

134.97

11.342

135.4

10.48

45

94

8.641

93.91

7.938

60

69.64

5.523

69.58

5.101

75

57.3

3.735

57.37

3.614

material model presented in Eq.2 along with
predictions from the failure model (Eq. 1). As indicated
in Table 4, a maximum absolute difference of 8.1% in
the stress-x between the two models is obtained at
ϴ=20, whilst the maximum absolute difference of
5.9% in strain-x occurs at the same angle. This may be
attributed to the high effect of nonlinear shear behavior
at this angle.

2.

Carbon-Epoxy AS4 (3501-6)
The basic stress-strain data in the principal material
direction (1 & 2) are obtained from (Soden et al., 1998;
Soden et al., 2002) (as illustrated in Figs. 15 to 17).
The material property constants Bi, Ci and Di are as
indicated in Table 3 for each nonlinear property. The
stress-strain relationships were linear in the fiber and
transverse directions, while the in-plane shear behavior
was nonlinear. The sampling points for shear were
selected at points 2, 6 and 12 with LSE of 0.000017 as
indicated in Table 3. Also, points of maximum stresses
and strains in the corresponding principal material
directions are exhibited in Table 3.
The various uniaxial off-axis coupon specimens
were obtained using different fiber-orientation angles;
ϴ=20, 30, 45, 60 and 75. Predicted stress-strain
curves are shown in Figs. 18 to 22 according to the

Failure Shear-Envelopes
1. Boron-Epoxy Narmco 5505
1. Several in-plane shear stresses (xy) showing
the effect of varying the shear-stress values from 0, 20,
40, 60 up-to a maximum value at failure
 xy u  64.118MPa are exhibited in Figs. 10 to 14.
For each set of failure envelopes, the in-plane stresses
x and y are kept constant while changing the values
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of shear stress xy. As the orientation-angle ϴ is
increased from 15, 30, 45, 60 up-to 75, the
resulting sets of failure envelopes rotate accordingly in
a counter-clock-wise sense in a systematic manner. The
envelopes start to stretch in two perpendicular axes as
the orientation-angle is increased from ϴ=0 up-to

ϴ=45. At angles (ϴ>45), the process is reversed with
respect to these two perpendicular directions, where the
axes start to widen in one direction and become narrow
in the perpendicular direction. This method can be
described as Narrowing-Widening-Stretching (NWS)
mechanism.

Table 3. Material mechanical properties of Carbon-Epoxy AS4 (3501-6)
(basic data extracted from (Soden et al., 1988; Soden et al., 2002))
MATERIAL
PROPERTIES

MATERIAL CONSTANTS
E o (MPa)

Bi

Ci

Di

LSE

SP

E1 ( MPa)

1.4496 X105

0

1

0

-

-

E 2 ( MPa )

1.0597x104

1

0

-

-

G12 ( MPa )

7.9286x103

0.604288

1.031930

0.000017

2,6,12

0
1.467094

 1 max ( MPa)

2268.3

 1 max

15.2x10-3

 2 max ( MPa)

59.981

 2 max

5.6x10-3

 12 max ( MPa)

71.702

 12 max

13.0x10-3

 12

027

Table 4. Stress-strain results for Carbon-Epoxy AS4 (3501-6)
Orientation
Angle (ϴ)

Predicted
Model

Failure
Model

x (MPa)

x (x103)

x (MPa)

x (x103)

20

191.77

4.775

208.6

5.075

30

141.97

5.951

141.6

5.629

45

95.95

6.158

96.06

5.836

60

72.14

5.749

73.65

5.743

75

62.79

5.661

62.86

5.663
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Figure 2: Stress-strain
S
d
diagram
for Boron-Epoxy
B
y in the principal materiall 1-direction

Figure 3: Stress-strain
S
d
diagram
for Boron-Epoxy
B
y in the principal materiall 2-direction
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Figuree 4: In-plane shear stress-strain diagraam for Boron-Epoxy in thee principal m
material 12-diirection

Figure 5: Stress-strain
S
diagram for Boron-Epoxy
y in the x-dirrection at Ɵ =
=15 degrees
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Figure 6: Stress-strain diagram for Boron-Epoxy in the x-direction at Ɵ=30 degrees

Figure 7: Stress-strain diagram for Boron-Epoxy in the x-direction at Ɵ=45 degrees
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Figure 8: Stress-strain diagram for Boron-Epoxy in the x-direction at Ɵ=60 degrees

2. Carbon-Epoxy AS4 (3501-6)
The effect of varying the in-plane shear stresses
(xy) from 0, 20, 40, 60 up-to a maximum value at
failure  xy u  71.702MPa is illustrated in Figs. 23 to
27. As mentioned earlier, the in-plane stresses x and
y are kept constant for each set of failure envelopes.
The orientation-angle ϴ is varied from 20, 30, 45,
60 up-to 75. The resulting failure envelopes are
similar in approach as those obtained for Boron-Epoxy
composite according to NWS-mechanism.



 

CONCLUSIONS
Two main conclusions can be drawn from the
present research:
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A comprehensive description of the nonlinear
material model is carried out showing the detailed
steps of performing a successful comparison
between model prediction and end-point failuremodel prediction. Two fibrous composite materials
are considered in the validation process; BoronEpoxy Narmco 5505 and Carbon-Epoxy AS4
3501-6. The accomplished results were, in most
cases, of excellent agreement between the two
methods. The maximum absolute discrepancy
between predicted stresses was 8.1% at ϴ=20 for
Carbon-Epoxy AS4 3501-6, whilst the maximum
absolute difference in strains was 8.9% at ϴ=45
for Boron-Epoxy Narmco 5505.
The effect of varying the in-plane shear stresses
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(xy) in five-steps is obtained froom zero up-too a
maximum shear valuee at failure, whhile the in-plaane
normal stresses x and
a y are keept constant for
f
each set of failure envvelopes. The orientation-ang
o
gle
ϴ is vaaried from 155 up-to 75. The resultiing
failure envelopes
e
rottate in a couunter-clock-w
wise
sense inn a systematicc and specificc manner as the
t
orientatiion-angle is increased. Thhe method was
w

described as Narroowing-Wideniing-Stretchingg
(NWS) meechanism.
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Figure 9: Stress-strain diagram forr Boron-Epox
xy in the x-dirrection at Ɵ=
=75 degrees
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Figure 10: Failure envelopes for Boron-Epoxy for various in-plane shear stresses at θ=15 degrees

Figure 11: Failure envelopes for Boron-Epoxy for various in-plane shear stresses at θ=30 degrees
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Figure 12: Failure envelopes for Boron-Epoxy for various in-plane shear stresses at θ=45 degrees

Figure 13: Failure envelopes for Boron-Epoxy for various in-plane shear stresses at θ=60 degrees
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Figure 14: Failure envelopes for Boron-Epoxy for various in-plane shear stresses at θ=75 degrees

Figure 15: Stress-strain diagram for Carbon-Epoxy in the principal material 1-direction
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Figure 16: Stress-strain diagram for Carbon-Epoxy in the principal material 2-direction

Figure 17: In-plane shear stress-strain diagram for Carbon-Epoxy in the principal material 12-direction
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Figure 18: Stress-strain diagram for Carbon-Epoxy in the x-direction at Ɵ=20 degrees

Figure 19: Stress-strain diagram for Carbon-Epoxy in the x-direction at Ɵ=30 degrees
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Figure 20: Stress-strain diagram for Carbon-Epoxy in the x-direction at Ɵ=45 degrees

Figure 21: Stress-strain diagram for Carbon-Epoxy in the x-direction at Ɵ=60 degrees
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Figure 22: Stress-strain diagram for Carbon-Epoxy in the x-direction at Ɵ=75 degrees

=20ϴ

Figure 23: Failure envelopes for Carbon-Epoxy for various in-plane shear stresses at θ=20 degrees
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=30ϴ

Figure 24: Failure envelopes for Carbon-Epoxy for various in-plane shear stresses at θ=30 degrees

Figure 25: Failure envelopes for Carbon-Epoxy for various in-plane shear stresses at θ=45 degrees
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Figure 26: Failure envelopes for Carbon-Epoxy for various in-plane shear stresses at θ=60 degrees

Figure 27: Failure envelopes for Carbon-Epoxy for various in-plane shear stresses at θ=75 degrees
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