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ABSTRACT

A finite element (FE) method is used for modeling edge effects in composite laminates with different ply

orientations. Two types of three-dimensional isoperimetric FE methods have been used. One in the interior

region has standard linear shape functions, while the other in the exterior region has special shape functions for

which an exponential variation is derived using the perturbation technique. The exponential shape functions

are introduced to an originally written FE program which uses special mesh generation and numerical

integration, as well as other subroutines. The proposed FE solution is found to be in good agreement with the

solutions available in the literature.

KEYWORDS: Finite-element modeling, Perturbation technique, Laminated composites, Edge effect,

Delamination.

INTRODUCTION

Composite materials have received increasing
attention due to their wide engineering applications,
especially in the aircraft and spacecraft industries,
because of their high strength-to-weight ratio and
stuffiness-to-weight ratio (Cao et al., 2019; Délling et
al., 2020; Kumar et al.,2020; Lecomte-Grosbras et al.,
2014; Shen et al., 2020). Many properties can be
improved by forming a composite material, including
strength, stiffness, corrosion and wear resistance,
weight, fatigue life, temperature-dependent behavior,
thermal insulation, thermal conductivity and acoustical
insulation (Yang et al., 2011). The idea of composite
materials is not new or recent, since nature is full of
composite material structures, such as wood, bone and
coconut palm leaf. Beside these naturally occurring
composites, many other engineering materials are
composites in a very general way, such as carbon black
in rubber, Portland cement or asphalt mixed with sand
and glass fibers in resin. One can safely mark the origin
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of a distinct discipline of composite materials since the
beginning of the 1960s (Cater et al., 2018; Délling et al.,
2020). Composite materials can be classified into three
major categories, including fiber composites, particulate
composites and laminated composites (Pereira &
Martins, 2014). Lamination is used to combine the best
aspects of the constituents’ layers in order to achieve a
more useful material. A potential problem in the
construction of laminates is the introduction of shearing
stress between layers. The shearing stress arises due to
the tendency of each layer to deform independently of
its neighbors, because all may have different properties.
Such shearing stresses are largest at the edges of the
laminate and may cause delamination there. Therefore,
the distribution of stress near the free edges should be
determined very precisely due to its significant impact
on delamination in layered laminates.

The free-edge effect in an asymmetrically laminated
composite plate subjected to a uniform uniaxial extension
has been investigated by utilizing both experimental and
analytical approaches. The experimental results have
verified the presence of large displacement gradients and
a large, but finite, strain concentration at the free-edge
region (Cao et al, 2019; Herakovich et al., 1985;
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Lecomte-Grosbras et al., 2014; Lorriot et al., 2013;
Oplinger et al., 1974; Romera et al., 2013). It has also
been experimentally verified that strain concentrations are
limited to the narrow boundary-layer region along the free
edges. Delamination has been experimentally observed
(Herakovich et al,, 1985; Oplinger et al., 1974).
Numerous analytical procedures have been developed to
calculate interlaminar stresses. These procedures utilized
a variety of techniques, including finite difference,
boundary-layer theory, perturbation method, series
solution, displacement finite element, hybrid finite
element, a mixture of strength of materials, classical
lamination theory and elasticity. Pipes and Pagano (1970)
published the first complete, three-dimensional analysis
of interlaminar stress in laminated composites subjected
to axial loading, based on a linear elastic generalized
plane strain formulation using the finite difference
method. Their results demonstrated the existence of all
three components of interlaminar stress in a boundary-
layer region along the free edges of the plate. Since a
coarse grid is used to reduce the computing storage and
computing time, their results are not detailed enough to
allow accurate evaluation of stresses near the free-edge
region. Pagano (1978) introduced a new theory based on
an extension of Reissner’s variation theorem to define the
stress filed within an arbitrary composite laminate.
Although his proposed solution faces some difficulties to
define the stress fields in laminates consisting of many
layers, the solution provides good results for composite
laminates with few layers. In 2018, a classic finite
difference system comparable to that proposed by Pipes
has been implemented by Solis et al. (2018). They studied
the dependence out-of-plane stresses on interlaminar
stress and fiber orientation by analyzing symmetric
laminates with varying stacking sequences. The results
indicated that the variation in interlaminar stresses at the
free edge, considering the fiber orientation, was different
in the laminate lay-ups. Nonetheless, fiber orientation and
its value at which the maximum shear stress appears were
found to be similar in all cases. Hsu and Herakovich
(1977) used a zero-order perturbation approximation in
terms of displacement functions along with a limiting
free-body approach in order to establish a solution to the
governing system of partial differential equations. This
solution depends on the geometric thickness-to-width-
ratio. The solution predicts a continuous distribution of
interlaminar stresses with maximum values at the free-
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edge boundary region. Wang and Dickson (1978) used
Legendre polynomials to represent interlaminar stresses
and displacements for each layer. The extended Galerkin
method was used to satisfy the equilibrium equations for
each layer of continuity at the interfaces of the layers and
satisfaction of stress boundary conditions at the exterior
planes led to the final solution. Their predicted results for
normal stress were high at the free-edge region.
Kassapoglou and Lagace (1987) presented a closed-form
solution for the problem of interlaminar stresses at a
straight free-edge in a composite laminate for two special
cases; angle-ply and cross-ply laminates. The solution
was derived using the force-balance method and the
principle of minimum complementary energy. The
obtained results agreed very well with the results
available in the literature for the same problem, except for
the cross-ply laminates. Herakovich (1989) discussed the
relationship between the morphology of a composite
laminate and the resulting free-edge effects in the shape
of interlaminar stress concentrations which may lead to
delamination failure. Cross-ply, angle-ply and quasi-
isotropic laminates were discussed in detail. It is shown
that the local mismatch in elastic properties of adjacent
layers and the global stacking sequence of a laminate both
have a significant influence on interlaminar stresses and
delamination failures. Over the past few decades, several
researchers studied free-edge stresses using the finite
element (FE) method (Bar-Yoseph & Avrashi, 1986; Cao
et al., 2019; Cater et al., 2018; Chorng-Fuh & Horng-
Shian, 1993; Délling et al., 2020; Espadas-Escalante et
al., 2018; Islam & Prabhakar, 2017; Nguyen & Caron,
2009, 2006; Numayr, 1987; Wang & Crossman, 1977).
Wang and Crossman (1977) used a triangular finite
element in the investigation of the stress field closest to
the ply interfaces and the free-edge regions of a
symmetrically laminated plate subjected to constant axial
strain. Their formulation is based on constant strain
within each element. Bar-Yoseph and Avrashi (1986)
used a modified mixed-hybrid FE in the solution of the
free-edge boundary layer problem. They carried out a
(1987)
developed an FE model based on an approximate

three-dimensional stress analysis. Numayr
analytical solution. Plane-strain formulation was used.
The results obtained are limited to cross-ply laminates.
Chorng-Fuh and Horng-Shian (1993) presented a mixed
FE model. In their model, three transverse stresses are

included as a nodal degree of freedom besides
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displacements in the three Cartesian coordinate
directions. With such a formulation, the stress continuity
condition at the interlayers and the free transverse stress
conditions on boundaries can then be satisfied naturally in
the analysis of interlaminar stress problems. More
recently, Cater et al. (2018) developed atwo-scale FE
model in order to study the effect of interlaminar
microstructure at the free-edge of a laminate. The results
confirmed that the matrix stress at the free-edge is highly
dependent on the interlaminar microstructure. For
instance, the more matrix content, the more matrix stress
during thermal cool down and the less matrix stress under
tensile loading. Islam and Prabhakar (2017) analyzed the
stresses at the free edges in composite laminates subjected
to uniform axial and/or thermal load. An FE model based
on a quasi-2D plane strain formulation was developed to
predict the interlaminar stresses in multi-directional
laminates. They found that by using the quasi-2D model,
the computational time needed to estimate the
interlaminar stresses was 30 times lower than the 3D
analysis of the same laminate. Mohammadi and Salimi-
Majd (2014) studied the modes of failure in cross-ply and
angle-ply laminates using FE approach. In their study, the
cohesive-zone model has been implemented in order to
develop the interface element. The results showed that in
angle-ply laminates, delamination in the shear mode is
dominant. Moreover, in cross-ply laminates, the damage
behavior is found to be highly dependent on the stacking
sequence of the laminates. A multi-particle FE approach
has been implemented by Nguyen and Caron (2009) to
analyze the free-edge stresses of composite laminates.
Their model has been developed based on the eight-node
layer-wise finite element. The finite element results
demonstrated that the model is able to provide accurate
results and can be used as an operational tool to estimate
the interlaminar stresses of composite laminates subjected
to mechanical and thermal loading.

The present study focuses on developing a new FE
approach to investigate the free-edge effects in composite
laminates with different ply orientations. Since most of
the other methods are facing some challenges, including
defining the displacement and stress fields near the free-

edge regions and determination of the narrow boundary
width, the present method is proposed to overcome these
problems. A novel 3-D FE model is developed based on
an approximate analytical solution. The shape functions
for the free-edge boundary region are derived using the
perturbation technique, while the Galerkin approximation
is employed to make theses shape functions satisfy the
governing system of partial differential equations. As a
result, the proposed FE model is able to obtain accurate
results using a small number of elements. An original,
detailed FE computer program has been written to solve
the edge-effect problem of laminated composites. It
includes all required subroutines needed; mesh
generation, node and element numbering, matrix
operations, element stiffness matrices, numerical
integration, assemblage, partitioning, solution of a system
of linear equations, ... etc. It has been used to analyze
composite laminates with different laminate geometries,
different laminate sequences and different laminate
materials subjected to uniaxial stretching. Furthermore,
the results obtained from the present solution are
compared with the results of other available solutions
including finite difference (Pagano, 1978; Pipes &
Pagano, 1970), finite element (Numayr, 1987; Wang &
Crossman, 1977), perturbation technique (Hsu &
Herakovich, 1977) and analytical solution based on
Legendre polynomials and extended Galerkin method
(Wang & Dickson, 1978).

Problem Formulation

Consider the balanced symmetrical composite
laminated plate shown in Figure 1, subjected to a
uniform axial extension €, in the x direction. The order
of the dimensions is L;>L,>>L; and the thickness-to-
width ratio (L3yL;) is small. The laminates are
homogenous and orthotropic with one of the orthotropic
axes coinciding with the z-axis. The laminates are of
thicknesses (4;/ ho/ hs/.../ h,) and are oriented at angles
(6,/6,/05/,.../6,) , with respect to the x-axiis.

The generalized Hooke’s law relating stresses to

strains is:

Ox [En E;, Eiz O 0 E16] €x

Oy Ey; Eyp E;z 0 0 Ex|| €y

0z \ _|E1izs Eaz Esz O 0  Esf) €z )
TyZ - 0 0 0 E44 E45 0 yyz
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Figure (1): (a) 2-m composite laminate subjected to
a uniform uniaxial extension €,. (b) y-z plane
shows laminates with different angle orientations
and thicknesses

where, {0} is the stress vector, {€} is the strain vector
and [E]
orthotropic axes of the laminate coincides with the

is the elasticity matrix. When one of the

z-axis, constitutive equations of an orthotropic material
with respect to the coordinate axes x,y,z; only 13 elastic
independent constants are necessary to define the three-
dimensional constitutive equations. Laminates are
considered long and only loaded at their ends x = + L;.
Saint Venant principle can be invoked, resulting in the
conclusion that the stresses in regions far away from the

aTXZ _ aTxy _ 0
dx ax ’

Thus, the equilibrium equations in such regions are:

. 3
ends are independent of x and % =

0Tyy = 0Ty 0
dy 0z
do, 01y,
W o, - 0 .2
0t,, 00,
Y 9% _ 0
dy 0z

Using strain-displacement and stress-strain relations,
as well as applying symmetrical and anti-symmetrical
conditions, the following system of simultaneous partial
differential equations is obtained for each layer:

{E66U,yy + ESSU,ZZ + E26V,yy + E4-5sz + (E36 + E45)Wyz}(k) =0

{E26U yy + EasU,; + EppVyy + EgaV,, + (Epz + E44)Wyz}(k) =0

{(E4s + Es6)Uy, + (Eqq + Eg3)Vy, + Egu Wy, + EssW,, 30 =0

Boundary condition equations at y = + L, are:

{E12 €0t E3oVy (XL, 2) + EpsW, (L, 2) + E26U,y(iL2,Z)}(k) =0

{E16 €0t Ez6Vy (L 2) + E66U,y(iL2'Z)}(k) =0

{EsaV )y (L3 2) + E4uW,, (2L, 2) + Eys U,z(iLz,Z)}(k) =0

and boundary condition equations at z = +L; are:

{E13 €0+ E33Vy (v, £L3) + EssW,(y, £Ls + E3cU (3, *L3)}™ =0

{EsaVy (0, £L3) + EgaW,, (v, £L3) + E4sU (Y, +L3)}™ =0

{EasVz (v, £Ls) + EasWy (7, £Ls) + EssU (7, £13)}™ = 0

where, the subscript (m) denotes the outer-most
layer.

A section perpendicular to the z-axis at the top of the
k™ layer is analyzed, where one-quarter of the laminate
is considered. The free-body diagrams above and below
this section, as viewed from the x-direction, are pictured
in Figure 2. Equilibrium of forces in the y-direction
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. (3)
)
. (5)
above the section requires that;
L L
12 0y(0,2)dz =[]y 0, 6)dy 6)

L L
172 6,(0,2) Ly(z - t)dz = [}? 0 (v, t)Loydy (7)

For the free-body diagram of quarter x-z plane with
section at #, as shown in Figure 3, equilibrium of shear
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forces in the x-direction requires that:

Ly L3
f Ty (Y tr) dy = f Tyy (0,2)dz .(8)
0 0
z
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Figure (2): Free-body diagram of quarter y-z plane
with section at tk from y-axis
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Figure (3): Free-body diagram of quarter X-zZ plane
with section at tk from x-axis

Finite Element Formulation

Two types of isoperimetric elements are used; one in
the interior region that has standard shape functions and
the other in the boundary free-edge region that has a
special kind of shape functions modeled from the zero-
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order perturbation solution of the boundary region.
Shape functions are forced to satisfy the governing
system of partial differential equations at the free-edge
region according to the Galerkin approximation method.
A three-dimensional eight-node linear isoperimetric
element is used, since the laminate has linear edges in
all directions. The same points, which are the corner
nodes, are used to define the geometry and the other
functions needed for the finite element analysis. As
shown in Figure 4, a point within the isoperimetric
element has the following coordinates:

n

X = g x®
i?ll

V=) @
i;l

2= 20
i=1

where XO, Y® and Z®, for i=1,2,3,...,n are the
coordinates for the i node and y; for i=1,2,3,...,nis the

. (9)

standard three-dimensional function

shape

corresponding to the i node.

Figure (4): Three-dimensional mapping of 3-D
isoperimetric linear element

Three-dimensional Interior Region Shape Functions

The isoperimetric element shown in Figure 4 has the
following eight shape functions corresponding to the
eight corner nodes.

1

¢i=§

where,

1 +&HA +nm)A+ ) .. (10)
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&=1111,-1,-1,-1,-1
n,=-111,-1,-1,11,-1
G=-1-111,-1,-1,11

for

i=1234567and8 and ¢,mand{ are the
element local coordinates. These shape functions must
satisfy the rigid-body mode,

L, =1 - (11)

and 1; has the value of one at the i node and zero
at the other nodes. These shape functions are convenient
for the interior region, since the displacement functions
vary smoothly.
Three-dimensional Boundary Region Shape
Functions

For 3-D boundary element, the eight shape functions

corresponding to the corner nodes are of the following

form:
ti = ahi+ (1 —a)dy;
Hai = @i+ (1 — az)y; - (12)
tai = ash;+ (1 — az)ds;
where  pq4;, Uy; and pus;  correspond  to  the

displacements in the &, 7 and { directions, respectively
and ¢, ;, ¢,; and ¢p3; take exponential forms in the
n —direction. Note that 0 <a; <1 (j=1,2,3) are
smoothing parameters which make smooth transfer from
the interior region to the boundary region. The shape
functions which are defined in Equations (13) are simply
the standard shape functions for a; = 1. The shape
functions that define », v and w for i = 1,2 and 3
respectively, are:

— 1 1 1 A1(1-n)/e
p =g +HA-mMA -]+ 1- ai)[Z{l —5 @ +m@ne™
+ qpe®TMe 4 qetT/eY 1+ E)(1 - )]
1 1
i = alg(1+HA+mMA -]+ 1- ai)[§(1 +n)(qetrtm/e
+ qpe’2Tme 4 qetm/ey (14 8)(1 - ()]
1 1
iz = g1+ +mA+ O+ (A —a) (A + m(qnetrt-m/e
+ qpe?20 /e 4 e (/e (1 + ) (1 + Q)]
1 1 1
pia = aifg(L+HA-mA+ O] + 1- ai)[Z{l -7+ m (g e™rd-m/e

+ etV 4 quelsUIION (1 + (1 +0)]

_ 1 1 1 A(1-n)/e
tis = ailg (1= HA =)A= Ol + (1 = @)l {1 —5 A +1)(@ueh"
+ gipe?2(7m/e 4 gets-m/eN(1 - &)(1 - Q)
1 1
Uie = ai[g(l -HA+mA-Pl+A - ai)[§(1 + 1) (g e /e
+ Qe+ gge T (1 - (1 - 0]
1 1
tiy = afg (1= OA+mMA+ O]+ A - a5 +m)(quet 7
+ qpe’2Tmie 4 qetm/ey (1 —&)(1+ ()]
1 1 1
tig = ailg (1= HA=mA+ Ol + (1 = @)l {1 =5 A+ 1) (queh /e
+ g’ 4 g et/ (1 —E)(1+ Q)]

where, 1;, 4, and A; are the negative eigenvalues
of the approximate solution. There are nine algebraic
linearly independent equations; three of these nine
equations are found using the fact that the shape
functions must satisfy the rigid-body mode:
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. (13)
8
Z#u‘ =1
i=1
8
Z#zi =1 .. (14)
i=1

8
Z pa =1
i=1
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The other six equations are found by making the
shape functions corresponding to the boundary nodes,
approximately satisfying the governing system of partial
differential equations at the free-edge boundary. This

are twelve unknowns and nine linearly independent
equations, @; , j = 1,2,3 are specified and the following
three sets of 3 equations and 3 unknowns, Equations
(15), are solved for q;j, i =1,2,3 in terms of the

could be done wusing the weighted residual smoothing parameters a;,a,anda; and the
approximation, such as the Galerkin method. Since there eigenvalues 4, ,4, and A;.
qi1 +qiz +qi3 =1
( )q” ( )qi2+(_)Qi3 =2t2a- @)
.. (15)
() - pan e 2) - (e () - (=0
{ € € } qi1 { }qlz € }ql3 -
Three-dimensional Isoperimetric Linear Finite i
u= Z Nliui
Element .
The point p within the rectangular hexahedral 5
element shown in Figure 2 has the following global v= Z Ny v; . (17)
coordinates in terms of the local coordinates: i=1
H; w = Z N3iWi
= X, + 7f i=1
Hy
Y=Yet 21 - (16) where, Ny; =y, Noy = P2y, N3; =13 for the
7=z, + ﬂ ¢ interior region elements and Ny; = py;, Ny =
Uoi, N3; = ps; ,1=1,2,...8 for the boundary elements.

where, x,, ¥, and z,, are the global coordinates of the
centroid of the element and Hg, H, and H; are the
dimensions of the element in the &, 1 and { directions,
respectively. The displacements of point p are given in
terms of the eight corner nodes as follows:

[N] =
Ny, O 0 N, 0 0 Nyg
0 Ny 0 0 Ny O 0
0 0 Ny O 0 Ny 0
and
{d} = [u; vy wy Uy v, Wy e Ug Vg W]

Minimization of total potential energy yields the
following displacement equilibrium equations:

[K]{d} = {R} - (19)
where,
Ei,
11 1 Eis
{R} = —fffeo[B]T 0 pdédnd{ .. (20)
S101 5 0
Ei6

is the stiffness matrix and

Equation (17) could be written in a matrix form;

u
{v} = [N]{d} .. (18)
w
where,
0 0
0 Nig
(E12)
1 1 1 E13
{R} = __[ffEO[B]T 0 pdédnd{ .21
-1 -1-1 0
Eis

is the nodal forces due to the constant axial strain €,
in the x-direction. The reduced elasticity matrix after
substituting for €, is:

Epp Ex;z 0 0 Ey
Eis E;y 0 0 Ez
[Er]=1] 0 0 E4u Eis O - (22)
0 0 Ex Egs O
Ee Ezs 0 0 Eg
[B]= [H][T][ N’] -.-(23)
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000010000
000000001
[Hl]=1000001010 ...(24)
001000100
010100000
Nye O 0 Nyg O 0 Nigg O 0 1
Nye O 0 Nyg O 0o .. Nigg O 0
Ny, O 0 Ny, 0 0 e o o Nygp 0 0
0 Nyg 0 0 Nyg 0 0 Nygg O
[N]=] O Nz1y 0 0 Nazp 0 0 Nagy 0 1...25
0 Ny 0 0 Ny 0 0 Npg¢ 0
0 0 Ny O 0  Nippe 0 0  Nigg
0 0 Ny 0 0  Nipp 0 0  Nigy
0 0 Ny 0 0 Ny 0 0 Nig¢l
and [I]= H% Hin H% H% Hin H% H% Hi Hiz]ls 9x9 [To] = [N§]T[STING
diagonal matrix. [1:] = [N‘é] : [S] [Nl:]
Two Gauss-quadrature points in each direction are [T2] = [N‘),]T[S] [NZI]
used when calculating the stiffness matrix and load [Ts] = [NO]T LS] [Nf]
vector for interior-region elements. This yields a good [Ta] = [Ni ]T[S] [No]
accuracy, since the derivatives of the shape functions [Ts] = [Nl]T[S][ 1]
vary smoothly in this region. However, due to the [Ts] = [Nl]T[S] [N:]
exponential growth or decay of the boundary elements’ [T;] = [N:]" [S]INs]
shape functions and their derivatives, integration using [Ts] = [N, ]T[S] [No] -+ (28)
these quadrature points will ignore the boundary region, [To] = [N2]" [STLN:]
therefore leading to inaccurate estimation. For a [T10] = [N ,] [STIN:]
boundary-region element, integration by parts is [Tl =1 %]T[S] [Ns]
performed in the direction in which the shape functions [Ti2] =1 f]T[S] [No]
vary exponentially and Gauss-quadrature numerical [Tis] =1 ?;]T[S] [N:]
integration is used in the two other directions in which [T14] = [Ns]"[STIN:]
[T1s] = [N3]"[S][N:]

the shape functions vary smoothly. In other words,

integration by parts is performed in the 7 —direction and n g [T T [ETT T and
two-point Gauss-quadrature integration is used in each where, [S] = [IT [H]"[ET][H][T] an
& and ¢ directions. The stiffness matrix [K] could be
Ai = 11,12,13,11, 211,/‘11 + /‘12,11 + 13,12,11

expanded as in the following form:
+ Az, 2/12, 2.2 + /13, 13, 2.1 + 2.3, /12

15 + /‘13, 213
K] = Z[Ki] .(26) fori=1,2,345,6,7,8910,11,12, 13,14, 15
i=0 and
where, [K;]
11
€
1 1 1 —
Kol = [%, [, " [Toldgdnag e = [ [-greLo
N . (29)
and the list of [T;] matrices is: + (A_i) T, (€ 1,9)

+ (AifTi,,,,, (£,1,0)}dédg
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Similarly, the load vector of the boundary element
could be expanded as follows:

(R} = —i{Ri}

where,
(R} = [, [2, I1[fo)dédndg .(31)

is integrated using two-point Gauss-quadrature

.. (30)

integration in ¢ and { directions. After {R;} integration
by parts in the n-direction and neglecting e?i/¢, the load
vector reduces to the following 2-D integration:

®y= -0 AL+

() (€, 1,0} -2
fori=1,2,3
where,
E12
Eis
{fi} = e[N1[T"[H]"{ © ...(33)
0
\E,.)
fori=0,1,2,3.

Equation (25) is integrated using two-point Gauss-
quadrature in each of the ¢ and { directions.

RESULTS AND DISCUSSION

High modulus graphite-epoxy material is used in this
study. The properties of this material are: E, = 138
(GPa), E, = E. = 4.5 (GPa), Gy, = G. = Gy = 5.86
(GPa), vxy = vz = ». = 0.21, where x,y and z are the
fiber, transverse and thickness directions, respectively.
E is the modulus of elasticity; G is the shear modulus
and v is the Poisson’s ratio. Eigenvalues A; A, and A3
evaluated from the perturbation solution depend on

material type and fiber orientation. Table 1 shows
different values for A; A, and A3 for graphite-epoxy
material and different fiber orientation angles, 8, with
respect to the x-axis. The composite laminates are
symmetric; i.e., 6(z) = 6(—z) with constant ply
thickness Ly, constant width 2L and constant length 2L ;.
The plate is subjected to constant axial strain €, = €, =
1x107® m/m in the x direction. Different laminate
sequences have been investigated. Cross-ply laminates
with laminate sequences [0/90]s; i.e., [0/90/90/0] and
[90/0]s; i.e., [90/0/0/90]. Angle-ply laminates with
laminate sequences [0/0]s, [15/-15]s, [30/-30]s,[45/-
45]s, [60/-60]s, [75/-75]s and [90/-90]s. Results
obtained for different cases are compared with other
solutions available in the literature for the same problem
and loading condition. The effects of the geometric ratio
and mesh refinement are also studied.

1.80

1.50

0.90 J|'I I

€=0.025

o,/ € (GPa)
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Figure (5): Interlaminar normal stress, 6, atz = 0,
distribution in the y-direction for different
geometric ratios, €

Table 1. Different values for A, A, and A3 for graphite-epoxy material and

different fiber orientations

0
Degrees M A2 A3

0 -1.100 -1.000 -0.902
+ 15 -1.126 -0.907 -0.637
+ 30 -1.159 -0.937 -0.392
+ 45 -1.209 -0.966 -0.380
+60 -1.364 -0.987 -0.241
+75 -1.507 -0.997 -0.218
+90 -1.576 -1.000 -0.210
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Figure (7): Interlaminar normal stress, o, at
z = L0, distribution in the y-direction for
different geometric ratios, €

For cross-ply laminates oriented at either 0° or 90°,
it should be noted that the interlaminar shear stress 7,
is equal to zero, since there is no shear coupling.
Interlaminar shear stress 7,, and interlaminar normal
stress o, exist and have non-zero values, since there is a
Poisson mismatch between the layers of the laminate.
Interlaminar stresses g, and 7,,, have a unique behavior
in the boundary-layer region. Figures 5 through 7 show
the distribution in the y-direction of interlaminar normal
stress, o, and interlaminar shear stress, 7,,, for
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different geometric ratios. The figures show that the
boundary-layer region width decreases as the geometric
ratio decreases. For a large ratio, €, the values of the
interlaminar stresses g, and 7,,, in the interior region are
not equal to zero. This agrees with the assumptions of
the classical lamination theory. The sharp change in the
behavior of the interlaminar stresses o, and t,, when
approaching the boundary-layer region serves as a
strong evidence of possible stress singularity in this
region. The transverse displacement, v at z = 2Ly, as a
function of y and for different geometric ratios is shown
in Figure 8. The figure shows that the displacement
variation is almost linear in the interior region and has
an exponential growth in the boundary-layer region. The
displacement distribution in the boundary-layer region
becomes sharper as the geometric ratio becomes
smaller. The value of the displacement increases as the
value of the geometric ratio decreases. Figures 9 through
11 show the interlaminar normal stress distribution, o,
interlaminar shear stress distribution, 7,,, and transverse
displacement distribution, v, for 50, 100, 160 and 240
three-dimensional, 24 degrees of freedom elements. For
the evaluation of stresses, as shown in Figures 9 and 10,
the 50-element mesh seems to be insufficient to get
accurate results; however, the 100-element finer mesh
serves the purpose as the 160- and 240-element meshes.
For transverse displacement v, as shown in Figure 11,
the 50-element mesh is almost as good as the 100-, 160-
and 240-element meshes. Some of the obtained results
are compared with the results available in the literature
for the same problem and loading condition. Figures 12
through 15 provide a comparison of results obtained by
the present model with other results obtained by Pagano
(1978) and Wang & Crossman (1977), for geometric
ratio, € = é. The results obtained by the present solution

agree well with those obtained by other solutions,
especially for the interlaminar normal stress distribution,
o,, at z = (0 and the transverse displacement
distribution, v, as shown in Figures 12 and 15. The
finite-element solution by Wang & Crossman (1977)
gives lower values of the normal stress at the exact free-
edge and the peak shear stress. This is because their
solution procedure is too dependent on the element’s
sizes in the free-edge region. A very refined mesh is
needed to establish accurate results using the solution

procedure in Wang and Crossman (1977). A uniform
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mesh of 80 four-node rectangular elements is used to
establish the results of the present solution. Wang and
Crossman (1977) used a non-uniform mesh of 576
triangular elements to come up with their results which
are shown in the same figures. This suggests that the
present approach is superior to the FE procedure (Wang
& Crossman, 1977) in saving computer storage and
computing time. It is hard to establish an accurate
solution using Pagano’s theory (Pagano, 1978) or the
method by Wang and Crossman (1977) for laminates
consisting of many layers. The reason is that too many
elements are needed, which yields unreasonable
computer storage and computing time. Moreover, using
the methods proposed by these authors will not yield
satisfactory results for laminates with small geometric
ratios. However, the present method is applicable for
laminates consisting of many layers and produces
accurate results for laminates with small geometric
ratios, because only a few elements are needed for each
layer. On the other hand, the present solution is being
compared with solutions obtained by the perturbation
method (Hsu & Herakovich, 1977; Wang & Dickson,
1978; Numayr, 1987). As shown in Figure 14, the results
of different solution procedures are more pronounced in
the boundary region in two aspects; the peak value of
stress, where the present solution is 25% higher than the
other solutions and the boundary width, where the
present solution is about 50% less (0.1 compared to 0.2).
These major differences between the different solutions
are due to the fact that the present solution uses a special
exponential FE shape that is capable of detecting
exponential growth and decay in a narrow boundary
region, while other solutions fail to do so.

v {0¥2Ly) fey/ Ly

2.00

1.50

1.00

0.75 4
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0,00 =1 r - -
0.00 0.20 0.40 0.60 0.80 1.00

Figure (8): Transverse displacement, v at the top
free surface z = 210, variation in y-direction for
different geometric ratios, €

Figure 16 shows the interlaminar normal stress, o, at
z = () distribution in the y-direction for a small geometric
ratio of 0.025. As shown in Figure 16, the perturbation
solution (Hsu & Herakovich, 1977) yields a very small
boundary layer width and a low normal stress value at
the free edge. The reason is that the accuracy of the
perturbation solution depends mainly on the geometric
ratio and the relative values of material constants. It
should be noted here that the distribution of normal
stress is established using the 90° layer as a reference
layer. The perturbation solution (Hsu & Herakovich,
1977) is not expected to give a good accuracy when
using the 90° layer as a reference layer. This is due to the
relative values of material constants. The coupled
governing system of partial differential equations for

bidirectional laminates is:
L3

Ls
(E)ZEzzAz,zz + Eguly33 + <L_2) (Egq + E33)033=10

Ls Ly, ... (3%

(E) (Egs + Ez3)05,5 + (E) Epulz 5 + E33l353=0

which for L,/L; = 0.05 becomes:
(00) {0.0065A2’22 + A2‘33 + 00782 A3‘23 = 0 35
0.030A,,35 + 0.001 Ag5y + Ag33=10 - (3%)
0.05A +A,33+0.083A;,;=0
0 2,22 2,33 3,23

(90 ){0.032A2,23 +0.001A5,; +A333=0 .- (36)
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to satisfy equilibrium in the z-direction. The present

1801 2 ‘ solution follows a smoother distribution due to the fact

L | e-at0 that it is a three-dimensional analysis and is in the 90°,
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Figure (9): Interlaminar normal stress, o, at
z = 0, distribution in the y-direction for
different mesh sizes

It can be observed from Equations (35) and (36) that
a perturbation solution using the 0° layer as a reference
layer should lead to more accurate results. Moreover, the
zero-order perturbation solution is improved by
diminishing €. The results for [90,0]s stacking sequence
show that the signs of the interlaminar stresses are
reversed, as expected by other solutions available in the

literature.
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Figure (10): Interlaminar shear stress, 7,,, at
z = 0, distribution in y-direction for
different mesh sizes

All solutions follow the same trend of interlaminar
normal stress distribution in the interior region that
reverses to tensile stress in the boundary region in order
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90° interface with no sudden variation in the material
properties. Also, since the laminates are relatively thick,
a smoother variation is expected. The perturbation
solution is so sensitive to ¢ which is relatively high;
therefore, an accurate solution is not expected. On the
other hand, the finite difference solution depends on the
number of elements used; therefore, an accurate solution
is not expected, since few elements are used. At the
exact free edge, there is a high variation in normal stress
value and the present solution yields approximately the
average of other solutions.
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Figure (11): Transverse displacement, v at z =20,
variation in y-direction for different mesh sizes
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Figure (12): Interlaminar normal stress, o, at z =0,
distribution in y-direction for the present, (Pagano,
1978) and (Wang & Crossman, 1977) solutions
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variation in the behavior of the interlaminar normal
stress, g, , as approaching the free edge, is an indication
of possible stress singularity at that region. As expected,

it can be noticed that the normal stress distribution at

Figure (15): Transverse displacement, v at the top

free surface z = 2L o, for the present, (Pagano, 1978)
and (Wang & Crossman, 1977) solutions

mid-plane 00 and 00 interlaminar layer is opposite to
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that at 90 and 900 interlaminar layer. Tensile stress peak
value in the interior region and compressive stress peak
value are not much affected by ¢, since the interlaminar
stresses are evaluated at 00 and 00 interface layer with
no sudden change in material properties. The main effect
of € is that the peak tensile stress is shifted toward the
free-edge as € decreases.
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Figure (18): Interlaminar shear stress, T,,, at
z = 0, distribution in y-direction for
different geometric ratios, €
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Figure (19): Interlaminar normal stress, g, at
z = 0, distribution in y-direction for present and
(Wang & Crossman, 1977) solutions for
geometric ratio, € = 0.125

Figure 18 shows the interlaminar shear stress
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distribution in the y direction, 7,,, at z = 0, for different
geometric ratios. This figure also shows that the width
of the boundary-layer region decreases as the value of
geometric ratio decreases. A comparison between the
present solution and the solution obtained by Wang and
Crossman (1977), for the interlaminar normal stress
distribution in the y direction for geometric ratio € =
0.125, is shown in Figure 19. Even though g3 from both
solutions converge to almost the same finite negative
maximum value at the free edge, the present solution
provides a smaller boundary-layer width and a sharper
rise in the magnitude of stress at the free edge. The
present approach has an advantage over the other finite
element approach by Wang and Crossman (1977), since
a considerably less number of elements is needed to
establish an accurate solution. For interlaminar normal
stress distribution in the y-direction and a geometric
ratio of 0.025, Figure 20 presents a comparison between
the present solution and the solutions obtained by
perturbation technique (Hsu & Herakovich, 1977,
Numayr, 1987). The present solution exhibits better
agreement with the perturbation solution (Hsu &
Herakovich, 1977). The value of o3 at the exact free-
edge and the value of maximum positive stress for both
solution approaches are almost the same. The
perturbation solution yields more accurate results when
using the 0° as a reference layer, as illustrated in
Equations (35) and (36). Therefore, the present solution
is more reliable when using the 90° as a reference layer.
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Figure (20): Interlaminar normal stress, o,, at
z = Lo, distribution in y-direction for present,
(Numayr, 1987) and (Hsu & Herakovich, 1977),
solutions geometric ratio, € = 0.025
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Figure (21): Interlaminar normal stress, g, at
z = Lo, distribution in y-direction for
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different geometric ratios, €
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Figure (22): Interlaminar normal stress, g, at
z = Lo, distribution in y-direction for [45/-45]s
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Figure (25): Interlaminar normal stress, o, at
z =0, distribution in y-direction for
[45/-45]s angle-ply laminate and for

different solutions

Angle-ply laminates are composed of an equal
number of layers with fibers oriented at +6 and —6. Due
to shear coupling in angle-ply laminates, interlaminar
stress, T,, , is important and should be determined.
Figures 21 and 22 show the distribution in y direction of
the interlaminar normal stress, g, at z = Ly, for angle-ply
laminates [30, -30]s and [45,-45]s. The figures show that
the interlaminar normal stress, o,, increases as the
geometric ratio increases. The distribution of this stress
in the interior region goes to zero as the geometric ratio
becomes smaller. Hence, the finite element model
agrees with the assumptions of classical lamination
theory for thin laminates, where the theory yields
satisfactory solutions. As shown in Figure 23, the
maximum transverse displacement at the surface of top
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free layer, z = 2Ly, which occurs at the free edge, y = L,
is plotted for angle-ply laminates with angle range 6 =
0° to 90°.
displacement occurs when the angle of the angle-ply

It can be noticed that the maximum

laminate is 45°, while the minimum displacement occurs
when the angle of the angle-ply laminate is 90°.

Figure 24 shows normalized interlaminar normal
stress and interlaminar shear stress for a geometric ratio
of 0.125. The figure shows that the maximum
interlaminar stresses are most likely to occur at an angle,
6 =15°, or lower. Figure 24 also provides comparisons
between the results obtained by the present method and
those obtained by Herakovich (1989) and Pipes and
Pagano (1970). It
interlaminar shear stress, T, , occurs at an angle of 15°,

is shown that the maximum

for the present and Herakovich (1989) solutions, while
it occurs at an angle of 35° for Pipes and Pagano (1970)
solution. The distribution in the y-direction of
interlaminar normal stress, o, at z = 0, for an angle-ply
laminate with angle 8 = 45° and geometric ratio, €
=0.125, is shown in figure 25. This figure shows results
of different solutions; the present, (Pipes & Pagano,
1970), (Wang & Crossman, 1977), (Wang & Choi,
1982) and (Kassapoglou & Lagace, 1987) solutions. As
can be noticed, the present solution agrees well with the
solution obtained by Wang & Choi (1982) in the
boundary-layer region, but in the interior region, the
solution does not converge to zero because of the use of
a large value of geometric ratio, which is in good
agreement with assumptions of the classical lamination

theory.
CONCLUSIONS

In this paper, a finite element model is proposed for
modeling edge effects in composite laminates with
different ply orientations. An original finite element
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